We investigate the idea that the double cover of the rotational icosahedral symmetry group is the family symmetry group in the quark sector. The icosahedral (A5) group was previously proposed as a viable family symmetry group for the leptons. To incorporate the quarks, it is highly advantageous to extend the group to its double cover, as in the case of tetrahedral (A4) symmetry. We provide the basic group theoretical tools for flavor model-building based on the binary icosahedral group I ′ and construct a model of the quark masses and mixings that yields many of the successful predictions of the well-known U (2) quark texture models.
I. INTRODUCTION
With the measurement of neutrino oscillations [1] [2] [3] [4] [5] [6] , an intriguing pattern of lepton mixing has emerged. The neutrino oscillation data have revealed that two of the mixing angles of the Maki-Nakagawa-Sakata-Pontecorvo (MNSP) [8] mixing matrix are large and the third angle is bounded from above by the Cabibbo angle (for global fits, see [7] ). This pattern, with its striking differences from the quark mixing angles of the Cabibbo-Kobayashi-Maskawa (CKM) matrix, has shifted the paradigm for addressing the Standard Model (SM) flavor puzzle.
More precisely, while the quark sector previously indicated a flavor model-building framework based on the FroggattNielsen mechanism [10] with continuous family symmetries (see also [9] ), the large lepton mixing angles suggest discrete non-Abelian family symmetries. Lepton flavor models have been constructed based on the tetrahedral symmetry group T , which is isomorphic to A 4 , the alternating group of four elements [11] , the binary tetrahedral group T ′ [12] [13] [14] , ∆(3n 2 ) and ∆(6n 2 ) [15] , the semidirect product of Z 3 and Z 7 [16] , Z 2 × Z 2 [17] , S 4 [18] , S 3 [19] , the semidirect product of A 4 and S 3 [20] , PSL(2, 7) [21] , the quaternionic symmetries [22] , the dihedral symmetries D n [23, 25] , and the icosahedral symmetry group I, which is isomorphic to A 5 [24] (a four-family A 5 model can be found in [27] ). Recent reviews of discrete group theory and flavor model building can be found in [28] [29] [30] . The natural next step is to incorporate the quarks and obtain a complete flavor theory. Several models include both quarks and leptons, in some cases within a fully grand unified theory. There are also models that focus only on quark mixing (see e.g. [31] ).
In certain cases, however, the quarks are most easily accommodated if the original group is extended to its double covering group, which allows for spinorial representations. The most prominent example is the tetrahedral (A 4 ) group [11] , which has three one-dimensional representations and one triplet representation. By considering its double cover, the binary tetrahedral group T , and assigning the lighter generation quarks to doublets and the third generation quarks to singlets, the successful U (2) quark textures [32] can be obtained together with the lepton sector prediction of Harrison-Perkins-Scott [HPS] "tri-bimaximal" mixing [33] , as shown in [12] [13] [14] .
In this paper, we investigate the extension of the icosahedral symmetry group I (A 5 ) to its double cover, the binary icosahedral group I ′ , and consider I ′ as a family symmetry group for the quarks. This study is based on our previous work [24] in which we investigated I as a family symmetry group for the leptons. The icosahedral symmetry group, which is one of the discrete groups based on the five Platonic solids, had been comparatively unexplored for physics applications at least in part because it is not a crystallographic point group. In our work, we explored the interesting hypothesis that the solar angle is given by tan θ sol = 1/φ, where φ = (1 + √ 5)/2 is the golden ratio. This hypothesis was first suggested in [26] and later explored within a Z 2 × Z 2 framework in [17] , who also provided a prediction for the Cabibbo angle based on the golden ratio that is correct to three digits and suggested A 5 as a useful setting for lepton flavor model building since the golden ratio appears in the geometry of the icosahedron. Alternative ideas relating the golden ratio and the solar mixing angle include a D 10 model that predicts cos θ sol = φ/2 [25] .
We will see that to incorporate the quarks, it is highly advantageous to extend I to its double cover I ′ . Hence, in this work we provide the group theoretical tools needed for building U (2)-inspired quark flavor models based on I ′ . As in the T ′ case, the U (2) textures are expected to be possible within I ′ , since I ′ has doublet representations that obey the basic U (2) relation 2 ⊗ 2 = 1 ⊕ 3. Therefore, as a working example, we also construct a supersymmetric I ′ ⊗ Z 9 quark flavor model based on that relation that is similar to the quark sector of the T ′ ⊗ Z 3 ⊗ Z 9 model of [14] . In future work, we will provide a more comprehensive overview of I ′ and consider flavor model building for both the leptons and quarks together within the I ′ framework [34] .
The outline for this paper is as follows. We begin by describing the basic features of the icosahedral symmetry group I and its double cover I ′ . Next, we will outline the group presentation and the construction of group invariants for I ′ . We then present our quark flavor model based on I ′ ⊗ Z 9 and address the issue of vacuum alignment for the flavon sector. Finally, we present our conclusions and outlook.
II. THEORETICAL BACKGROUND
We begin with a brief overview of the icosahedral symmetry group I and its double cover, the binary icosahedral group I ′ . The basic theory of the icosahedral symmetry group is known in the mathematical literature, and can be found in the papers [24, [35] [36] [37] [38] [39] . Finite groups are also covered extensively in several texts [40] [41] [42] [43] , and reviews [30] .
The icosahedral symmetry group I is the group of all rotations that preserve the orientation of the icosahedron, which is the Platonic solid consisting of twenty equilateral triangles. (Here and in what follows we will only consider proper rotations, and therefore ignore inversions.) I is the finite subgroup of SO (3) that is isomorphic to A 5 , the alternating group of five elements. I contains 60 elements: the identity, rotations by 2π/5 and 4π/5 about an axis through each of the twelve vertices, rotations by 2π/3 about an axis through the center of each of the twenty faces, and rotations by π about the midpoint of each of the thirty edges (resulting in fifteen distinct rotations). These five types of rotations form five conjugacy classes, which are denoted as follows:
Here we follow the standard procedure and use Schoenflies notation: C k n is a rotation by 2kπ/n, and the number in front gives the number of group elements in the conjugacy class. The elements of C k n are known as order n elements, i.e., they result in the identity after n operations. Given the basic results in discrete group theory that the number of elements in the group is equal to the sum of the squares of the irreducible representations, and that the number of conjugacy classes is equal to the number of irreducible representations, the 60 elements of I result in the condition:
Thus, I has five irreducible representations: 1, 3, 3 ′ , 4, and 5. The presence of the two distinct triplet representations suggests that I may be a good candidate for a family symmetry group, as explored in our previous investigation [24] . We note here that in contrast to T ′ , which has three one-dimensional representations, the only one-dimensional representation of I is the identity. This fact, which will be of significance when we turn to the construction of flavor models, results because I is a perfect group; i.e., it is equal to its commutator subgroup [41, 43] .
The double cover of the icosahedral group, which is denoted as the binary icosahedral group I ′ , has double the number of group elements as I, for a total of 120. The group elements are grouped into the five conjugacy classes of I and four additional conjugacy classes:
where R is −I, and I denotes the identity. 
Hence, I ′ has the spinorial representations 2, 2 ′ , 4 ′ , and 6 in addition to the 1, 3, 3 ′ , 4, and 5 representations. The character table of I ′ , which can also be found in [36, 37, 39] , is given in Table I . We see that the golden ratio, φ = (1 + √ 5)/2 (where φ − 1 = 1/φ), appears for the order five elements for the doublet and triplet representations. From the character table, it is straightforward to deduce the form of the tensor products of the irreducible representations, which are known in the literature [36, 37, 39] . The tensor products involving the doublet and triplet representations are as follows (for the complete list, see [36, 37, 39] ):
Observe that the basic U (2) relation, 2 ⊗ 2 = 1 ⊕ 3 (and an analogous relation involving the primed representations), holds within the I ′ group. In what follows, we will discuss the construction of quark flavor models based on this relation in analogy with the well-known U (2) flavor models [32] . First, however, we will need the I ′ group presentation and the construction of group invariants, which is the subject of the next section. 
III. GROUP PRESENTATION AND GROUP INVARIANTS
The elements of discrete groups such as the binary icosahedral group can be generated by a set of basic elements that satisfy certain relations; the elements and the rules together are known as the "presentation" of the group. For the case of I and I ′ , there are several equivalent group presentations (see e.g. [36] [37] [38] [39] ). Following our previous work on I (A 5 ) [24] , we prefer to use the presentation of Shirai [37] , in which all group elements can be expressed in terms of the order two generator S and the order 5 generator T , such that
Here R is the identity I in the case of the single-valued representations 1, 3, 3 ′ , and 5, and R is −I for the doublevalued representations 2, 2 ′ , 4 ′ , and 6. We note that while S and T are contained in the conjugacy classes C 2 and C 5 , respectively, the order three combination of S and T given above is contained in the C 3 R conjugacy class (not C 3 ), which is why it cubes to the identity rather than R.
The Shirai presentation can be related to other presentations that are standard in the literature, such as the presentation of Threlfall involving order three and order five generators found for example in [40] :
and the presentation described in the work of Cummins and Patera [36] , which involves two generators of order two and one order three generator:
The generators of the Shirai presentation can be related (up to similarity transformations) to the Threlfall generators by S = ab and T = (ab)b 4 (ab), and to the Cummins and Patera generators by S = A 2 A 1 A 3 A 2 and T = A 1 A 2 A 3 . The generators S and T of the Shirai presentation have been given for the single-valued representations in [24, 37] . Rather than present the complete list for the double-valued representations, we provide the Shirai presentation generators for the doublets 2 and 2 ′ , which can also be found in [37] :
The Shirai presentation generators for the 4 ′ and the 6 can also be found in [37] . Since we will not need them for the flavor model-building at leading order that we will consider in this paper, we do not state them here (we will consider more general scenarios in future work [34] ). For completeness of presentation, however, we also state here the Shirai presentation generators for the triplets 3 and 3 ′ , which are given by
While the group presentations of I and I ′ are well known in the literature, the further group theoretical tools that are needed for flavor model building are the rules for constructing group invariants in a form that is suitable for physics applications. For I, we did this exercise for the Shirai presentation [24] . Here we will present the basic relations for I ′ that we have calculated in the Shirai presentation that are necessary for flavor model building at leading order, and defer the complete list of I ′ tensor products for future work [34] . We begin with the tensor product 2⊗2 = 1⊕3. Defining the two distinct doublets as 2 = (a 1 , a 2 ) T and 2 = (b 1 , b 2 ) T , it is straightforward to show that up to normalization factors, the singlet is given by the antisymmetric combination
and the triplet 3 is given by the symmetric combination
For 2 ′ ⊗ 2 ′ = 1 ⊕ 3 ′ , the singlet is again given by Eq. (11), and the triplet 3 ′ takes the (symmetric) form
The tensor product of 2 ⊗ 2 ′ = 4 results in the following form for the quartic:
For 2 ⊗ 3 = 2 ⊕ 4 ′ , in which the initial doublet is (a 1 , a 2 ) T and the initial triplet is (
and the 4 ′ (which we will not need in this paper) takes the form
Similarly, for 2
and the 4 ′ is given by
in which φ = (1 + √ 5)/2 is the golden ratio. Once again, for completeness, let us also recall that the singlet in the 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 takes the form (as does the singlet in the analogous relation for 3 ′ ⊗ 3 ′ ):
in which we have written the initial triplets as (a 1 , a 2 , a 3 )
(For the explicit form of the 3 and the 5 and their primed counterparts, see [24] .)
IV. QUARK FLAVOR MODEL BUILDING AND U (2) TEXTURES
In this section, we turn to a discussion of quark flavor model building based on I ′ and present a viable model of the quark masses and mixings based on I ′ ⊗ Z 9 . Let us begin by recalling the results of our previous study [24] of the icosahedral group I (A 5 ), in which we constructed a simple toy lepton flavor model that resulted in a solar mixing angle given by tan θ sol = 1/φ. In this analysis, we embedded the lepton doublets L i as a 3 and the lepton singlets e c i as a 3 ′ , and constructed an effective neutrino seesaw matrix based on the relation 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5 and a charged lepton mass matrix based on 3 ⊗ 3 ′ = 4 ⊕ 5. To break the symmetry, we introduced a flavon field ξ that transforms as a 5 for the neutrino sector, and two charged lepton sector flavon fields χ and ψ, which transform as a 4 and 5, respectively. The breaking of I by these flavon fields resulted in a toy model in which the solar mixing angle is obtained from the neutrino sector, the maximal atmospheric mixing angle is obtained from the charged leptons, and the reactor angle is zero at leading order. Issues that were not addressed in [24] included the generation of the flavon field vacuum expectation values as well as higher order corrections; in forthcoming work, we will discuss these issues and construct other examples of lepton flavor models [34] ).
One result from our previous study is that it is not easy to generate the strongly hierarchical charged fermion masses within the I group. More precisely, in our example the two flavon fields of the charged lepton sector had a delicate balance of vacuum expectation values in order to generate a structure in which only the τ lepton has a nonvanishing mass at leading order. The challenge ultimately results in part because I only has one irreducible representation that is one-dimensional, which is the singlet representation 1. This is in sharp contrast to the case of T (A 4 ), which has three one-dimensional representations: 1, 1 ′ , and 1 ′′ . The use of these three representations allows for the generation of mass hierarchies in the lepton sector through an additional U (1) FN or other symmetries that result in specific higher-dimensional operators [11, 14] . Even with this freedom in A 4 models, it is known that the quark sector is more easily accommodated by extending the group to T ′ , and embedding the quarks in doublet and one-dimensional representations [12] [13] [14] . Hence, we expect a similar extension is necessary for the icosahedral symmetry group, for which the generation of mass hierarchies is more difficult than that of the tetrahedral symmetry case.
For this reason, we now turn to the binary icosahedral group I ′ , and construct a supersymmetric model in which the quark superfields are embedded in doublet and singlet representations of I ′ . The standard approach is to assign the quark superfields of the third generation to singlet representations,
and assign the lighter generations to doublet representations. Within I ′ , there are two distinct doublets, 2 and 2 ′ , which allows for some flexibility in model-building. In this paper, we will assign the first and second generation quark superfields to the 2 representation, as follows:
This assignment will allow us to construct models with the U (2) relation, 2 ⊗ 2 = 1 ⊕ 3. We note that a replacement of 2 by 2 ′ in Eq. (21) would also result in an analogous relation, 2 ′ ⊗ 2 ′ = 1 ⊕ 3 ′ , which would result in a similar quark flavor models (at least at leading order). An alternative assignment of Q to the 2 and u c , d c to the 2 ′ representations (or permutations) would yield models based on the relation 2 ⊗ 2 ′ = 4, which would necessitate a different pattern of flavor symmetry breaking. We defer the investigation of this possibility to forthcoming work [34] .
To break the family symmetry, we first recall that in U (2) flavor models with this assignment of the Standard Model quarks, the family symmetry is broken in two stages: first U (2) is broken to U (1) by nonvanishing vacuum expectation values of triplet and doublet fields, and next the U (1) is broken by fields that are singlets under the original family symmetry. This basic flavon sector is retained in U (2)-inspired models based on discrete non-Abelian family symmetries such as T ′ (see for example [14] ), and we will also use it here. Hence, we now introduce a flavon chiral superfield ψ that transforms as a 3 and two flavon chiral superfields η 1,2 that each transform as a 2 under I ′ , as well as a set of I ′ singlet superfields ρ, σ, and χ. To obtain realistic quark mass matrices, it is necessary to augment I with an additional symmetry, which we take to be a Z 9 group. The I ′ ⊗ Z 9 charge assignments for the SM matter superfields and flavon sector superfields of our model in presented in Table II . We have assumed that the MSSM Higgs doublets H u,d are inert with respect to the I ′ ⊗ Z 9 symmetry. We note that the choice of Z 9 as an additional symmetry of the quark sector has also been made in the T ′ ⊗ Z 3 ⊗ Z 9 model of [14] , though our flavon field content and charge assignments are different. With these charge assignments, the superpotential terms that result in effective Yukawa terms involving the up-type quarks take the following form:
in which M represents the (presumably high) cutoff scale of the effective theory, and the y ui are dimensionless (order one) couplings. Similarly, the effective Yukawa couplings for the down-type quark superfields are given by
in which the y di again represent dimensionless couplings. To break the flavor symmetry, we assume that the flavon fields develop vacuum expectation values as follows (this form will be justified later in the paper):
in which the vacuum expectation values are of the order
where λ ≡ sin θ c = 0.22 is the Cabibbo angle. Upon flavor and electroweak symmetry breaking (with
the quark mass matrices that result from Eq. (22) and Eq. (23) take the form
and
It is straightforward to diagonalize these mass matrices using perturbation theory, which yields the following results for the quark masses at leading order:
Hence, the quark mass ratios are predicted have the appropriate powers of the Cabibbo angle λ, which are given as follows: : m u : m c : m t ∼ λ 8 : λ 4 : 1 and m d : m s : m b ∼ λ 4 : λ 2 : 1. We also have m b : m t ∼ λ 3 : 1, which is consistent with low to moderate values of tan β = v u /v d , as in the T ′ model of [14] . This range of tan β has advantages in terms of model-building compared with larger values of tan β, such as the avoidance of large radiative corrections.
Similarly, the leading order elements of the CKM mixing matrix also have the appropriate powers of λ:
From Eqs. (28)- (29), we see that the well-known U (2) relations |V td /V ts | = m d /m s and |V ub /V cb | = m u /m c are reproduced at leading order, as is the case in the T ′ model of [14] . Therefore, we see that the embedding of the quarks as given in Eq. (20) and Eq. (21) within I ′ can result in a viable quark flavor model at leading order, provided the assumption of the specific flavon sector as given in Table II . In principle, we can go further and compute higher order corrections to the results of Eq. (28) and Eq. (29), which will modify the leading order relations. However, we do not do so in this paper because we are not including the leptons, and the flavons needed to break the family symmetry might contribute in the quark sector at higher order. We comment that in the lepton model we presented in [24] , the lepton sector flavons are fields that transform either as a 4 or a 5 of I, and so these fields will not contribute at leading order to the quark mass matrices of the U (2)-inspired model presented here simply due to icosahedral symmetry. Clearly, for alternate embeddings in which the quarks of the lighter generations are embedded in both the 2 and 2 ′ , any lepton sector flavon field that transforms as a 4 of I is allowed by icosahedral symmetry to couple to the quarks at leading order, though additional discrete symmetries can also be imposed to forbid such couplings.
We now turn to the important question of justifying the family symmetry breaking pattern of Eq. (24) . To address the dynamics of the flavon sector, we follow the standard approach and recall that a global U (1) R charge is present in the supersymmetric sector of the theory (it is broken to a discrete R-parity when supersymmetry breaking terms are included), such that the superpotential terms satisfy the constraint that the total R-charge of any allowed term is +2. Hence, it is necessary to introduce additional "driving" fields which have a U (1) R charge of +2 and thus couple linearly to the flavon fields in the superpotential. Our choice of driving fields is presented in Table II . These fields include two I ′ singlets σ 0 and χ 0 , one I ′ doublet η 0 , and one I ′ triplet ψ 0 . With these charge assignments, the leading order superpotential couplings involving the flavon fields and the driving fields take the form
With the assumption that the soft supersymmetry breaking scalar mass-squared parameters of the driving fields are all positive at the symmetry breaking scale, the driving fields do not develop vacuum expectation values, and hence it is only necessary to enforce that the F terms of the driving fields vanish to obtain a local minimum of the flavon field potential. These F terms are given as follows:
The requirement that the F terms of Eq. (31) vanish at the minimum is consistent with the form of the flavon vacuum expectation values of Eq. (24), in which the vevs satisfy the following relations:
in which the flat directions v ρ and v 22 are presumably lifted by supersymmetry breaking terms. For order one values of the coupling ratios g 4 /g 5 and g 2 /g 3 , the singlet vacuum expectation values are naturally v ρ ∼ v σ ∼ v χ . For the doublet and triplet flavons, a tuning of M η /g 1 ∼ λ 3 M and g 8 /g 9 ∼ λ is required to obtain v 21 ∼ v 22 ∼ v 3 with order one values of g 4 /g 5 and g 2 /g 3 . Hence, the vacuum structure specified by Eq. (24) and Eq. (25) can be obtained within a specific subset of the multidimensional parameter space of the flavon sector potential.
V. CONCLUSIONS
With the advent of the large angles of the lepton mixing data, the paradigm of discrete non-Abelian family symmetries has become standard in efforts to address the fermion mass puzzle of the Standard Model. Of the possible discrete non-Abelian symmetry groups to consider as a basis for flavor model building, we have argued in this paper that the double cover of the rotational icosahedral symmetry group, the binary icosahedral group I ′ , is well-suited for this purpose due to its nontrivial triplet and doublet representations. In comparison to other discrete groups based on the Platonic solids, there has been a relative paucity of appearances of I ′ within the physics literature, which is due at least in part to the fact that the icosahedron does not obey translational symmetry. Therefore, we have presented the basic group theory of I ′ , which is available primarily in the mathematics literature, in a form that is suitable for flavor model building. As an example, we applied I ′ as a family symmetry of the quark sector and constructed a viable I ′ ⊗ Z 9 quark flavor model that reproduces many of the desirable features of the well-known U (2) flavor models and other models based on the fundamental relation 2 ⊗ 2 = 1 ⊕ 3. By analyzing the dynamics of the flavon fields that break the family symmetry, we have demonstrated that the successful leading order predictions of this model can be accommodated within a subset of the full parameter space of the theory.
With respect to other discrete non-Abelian family symmetry groups that have been used for flavor model building, the icosahedral group and its double cover are relatively large groups (with group orders of 60 and 120, respectively) which have larger representations. Therefore, icosahedral symmetry provides a very rich setting in which to address the fermion mass puzzle of the Standard Model. Additional studies are needed to determine the full power of I ′ as a viable family symmetry group for the quark and lepton sectors. We defer further investigations of this intriguing framework to future work.
